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1 Problem 1

Showing that the Schrédinger’s equation contains Hamilton-Jacobi equation (in
the A — 0 limit) and the continuity equation. We start with the Schrédinger

equation
2

R
—— V2V + V¥ = 1h0, ¥ (1)
2m
we suppose U = | U] e% . We'll need the derivatives
S 1 1S
VU = (V|U])e'r +|\If|ﬁVSeﬁ (2)

(3)
Oy = 1hd, V| e® — |W|0,Se™ (4)
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3

2 2 2 2 1
V20 = V2 |0 eF 4 %’v U VSeF + % W V25eF — 2 [P(VS)"e

Using the above we can write (1)

h2

h h 1
V20— 2V O VS— o || V2S+— U] (VS)2+V |B| = 1hd, |¥]|—| | 5, S
2m m 2m 2m

(5)
both real and imaginary parts of this equation must be satisfied, so we can look
at these parts independently.

1.1 real:

- || 2

- U+ — Ul=— |

VU] L(VS) 4 VW] =~ 9], (6)
In the classical limit A — 0 this becomes the H-J equation.

1

o (VS +V =-0,8 (7)



1.2 Im:
h

m

I
Ul . — — |W| V%S = U
VW VS — o W[ V7S = 7o, |V (8)

to get the continuity equation we multiply both sides by 2|¥|, and note that
o|W)* =2|w|a|v|.
)
o+ v (e ) =0 O
m
from the above equation we can identify P = |\I/|2 as the probability density,
o VS
and J = |U]> —= as the probability current.
~ m

density velocity

2 Problem 2

Show that U = e 7 A satisfies the Schrodinger equation.

2.1 generally

—t
h

so U satisfies the Schrodinger equation.

RO = oh ( ) He #H0 _ fp7 (10)

hdU = HU (11)

2.2 An explicit case

m(a;fw/)2
) = et 12
U(w,a'51) ot " (12)

For a free particle

therefore
thoyU = %zh [— t;g - zt‘ém(;;f/)z] . m(e—e')?
and
B e N
- _% Tt (Z;ZZZ - (%)2 (x - a:’)2> R
= (5ot [—t;g - zt—;W] e

Therefore our example for U is a solution to the Schrodinger equation



3 Problem 3

The spin = 1 representation of the SU(2) group can be written

L [0 10 , [0 -1 0 100

Ly=— |10 1]|;L0,=—11 1 |;2.=]0 0 0

V2o 1 o V2o 1 o 00 1
(13)

3.1 possible values of L,

The possible values of L, are just it’s eigen values. In this representation L, is
diagonal so the eigen values can be just read off the diagonal.
+1,0

3.2 Finding the variance AL, of |L, =1)
3.2.1 The Paul Way

Ilike to just multiply out the matrices. This should be real easy because |L, = 1)
is just (1,0,0), so (A) is just the upper left number in the matrix A. We’ll need

to know L2.
2

L1 (0 10 (101
Lﬁ:5 1 01 =50 20 (14)
010 1 01
So,
1 010 1
(Ly)=—=(1 0 0)-({ 1 0 1 0]=0 (15)
V2 010 0
and
) 1 01 1 ]
<Li>:§(1 0 0)-1 020 )-{0]=3 (16)
1 01 0
The variance is defined
2 2 _ 1

3.2.2 The Leo Way

Another method is find the eigenvectors of the matrix L,. This will answer part
c as well. First we find the eigen values.

A L2
¥2 ;%\ V2 =X+ A=0 (18)
0 % -



This has solutions A = —1,0, 1. Eigenvectors are pretty easy to find.

we can find |L, = £1) by solving the system

5
LIty ng —0 (20)
5 5
%L; 104 gL; —0 (21)
V2 _
7L2 +L; =0 (22)

we also want values for LY, LT so that (Lg)2 + (Lj[)2 + (Lg;)2 = 1. The solutions

to these equation are
+1

Lo=+1= [ v2 (23
+1

Now that we know the eigenvectors in the L, basis we can write |L, = 1) in the
L, basis

L.=1)=1[ 0 S V. 2 R —53| V2| @)

1
|Lz:1>:§|Lx:1>+

Now calculating (L) is really easy.

(L) = (W) [(Ly =1L, = D[P + (1) (L, = —1|L. = 1)]* = i - i =0. (26)
And
1 1 1
(L2) = (W [{La = Lo = DP+ (-1 (Lo = UL = 1) = s+ = 5 (27)
SO
AL = (12) ~ (L) = 5 (28)



3.3 finding the normalized L, eigenvectors

We did this above they were

1
2
==
-1
1 +1
|Lw = :I:1> = 5 \/§ (29)
+1

3.4 given that we are in the L, =1 what is P (L, =0,=£1)
We have |L,) in the L, basis so we can basically read the probabilities off.

1
Pr—iop,=#1=|{Ls = £1|L. = 1)]" = § (30)
1
Pr—ip,—0=|(L, =0|L, = 1) = 3 (31)
3.5 collapse of wavefunctions
we started with the wavefunction
1 1
=y 1 (32)
V2

we find that L? = 1, so that means the only L, = +1 is possible. So our state
after is.

Wagier) = (; =1+ L= —1>> — ®
)+ (%)

L.#0
W jrer) = 1|L—1)+\/§|L— 1) (34)
after) — \/g z = 3 z —
The probability that we get L? = 1 as an outcome can be read off the state.
1 1 3
1t 3 71 (35)
~—

L,=1 L,=-1

The probabilities of an L, measurement afterwords can be read off the final
state.

P(L.=1)= % (36)
P(L,=0)=0 (37)
P(L,=-1)= % (38)



3.6 Probabilities to states

Suppose we have a state

(44)

) =C4|L.,=1)+Cy|L,=0)+C_|L, =-1) (39)
we know that
1
C.?=2 40
4 = 5 (40)
1
Cof? = 3 (41)
1
C_|?=- 42
o= (12)
The most general solutions to these are
Cp = \/Pper (43)
These phases are physical and can be measured by considering L, = 0.
P(L,=0) = [(Ly=0[¥)
67,51 6152 6153
= |5 La=0L:=1)+ 7 (Ly =0|L. =0) + — (Ly =0|L. = —1)
2
_ 16151@ + @61520 + 16153 _@
2 2 2 2 2
2
[RT Y
= |pm (& ™)
= 1Sin2 01— 9
2 2
4 Problem 4
E =7 X ﬁ: €ijkTiDj (45)
4.1 Poisson bracket
{Li,L;} = {eimixipi, €mnTmPn}

=  €ik€jmn {Z‘lpkvxmpn}

— oo | 9@pk) O (@mpn) O (zipr) O (@mpn)
ilk€jmn al’q qu apq 8l‘q

6lq6nqpkxm, 5kq6mf17f'lpn
€ilk€imIPkTm — €ilk€jknTiPn
= Pj%Ti — PmTmlij — Pi%j + 0ijTnPn

{L;,L;} = xipj — xjpi = €ijiuLi (46)



4.2 commutation relations
|:-Z/i7f/j:| = [&1Pr, TmPn] €itk€jmn
= Ty [ﬁk‘? ‘%mpn] + [ilv QA:mf)n} ﬁk €ilk€jmn
—_——— N———

—thékmPn 1hdinTm

1h (‘%mﬁkeinkejmn - jlﬁneilkfjkn)

= h [imf)k (6k361m - 5kn57f.]) - lilﬁn (5in,§lj - 51j§ln)]

= W (Zip; — TPi)
|:f/i, i/j:| = ZheijkLk

5 Problem 5

Finding the energy eigenstates of a bouncing ball

5.1 Bohr-Sommerfeld quantization

fpdz =nh

Classically the energy of a ball is

Bohr-Sommerfeld condition is

2
E:p—+mgz:>p: 2m (E — mgz)
2m

Using this form for our momentum

E

£ 9 / B\ 32
2\/2m/ dzn/E — gmz = 2w/mg§ ( >
0

mg

SO
4 E?
—V2m—"— =nh
3 mg
9 1/3
E, = <32mg2n2h2)

(48)

(51)

(52)

we can use this energy to come up with an approximate maximum height for

each state.

1

En In?n*\ ®
2y N —— Zn —_—
" mg " 32m?2g

(53)



5.2 Minimization of £ and the uncertainty principle

We assume the the momentum goes like p ~ ”75, which implies that energy goes
like.
n2h?
n
To minimize we find the zero of the derivative
2h2 2h2 1/3
0,E=0=— 3—|—mg:>znz(n2 ) (55)
mz3 m2g
We can write E in terms of constants and n
2 1
n2h? [(m2g\? n2h?\ ®
E, =
2m <n2h2) +mg ( m2g )
3 1
Ey = 5 (mg*n’n?)* (56)

6 Problem 6

Suppose that |¥) € |R) in position space. Then (I drop the hats here so that
things look nicer).

@) = - [ & (5 I @ (57)
(U = ¥*) The conjugate equation is
(w5 |w) = z/dST\IJ () VU (7) (58)
So
(V]plw) = — (¥|pT|v) (59)

Now we note that p is a physical observable which mean that we must have
REAL eigen values. Therefor p'is hermitian.

(U[pw) = (¥|pT|v) (60)
which means that

(V[p¥) = — (¥|p¥) =0 (61)

7 Problem 7

7.1 Wavefunction of a localized particle

At t = 0T the wavefunction is just a delta function
U (2,0) = Ad (x — o) (62)

(some picture here)



72 'V

If we measure V at ¢t = 0T then we find

(0F|V (2)|0%) = v (w0) (63)

7.3 evolving the delta function

By definition

W (,1)) = U(t) [V (x,0)) (64)
S0
U (z,t) = /dx’
U(z,2';t) ¥ (2/,07) = U(x,z0;t)
m  am(z—zg)?
U(z,t)=A 5l (65)
7.4 P(1)
Finding the Probability density as a function of time now should be really easy.
P(a,t) = AP —— ~ O (t!
(2,8) = [A] 5 ~ O (t77) (66)

8 Problem 8

8.1 Making sense of it all

The result in the previous problem should not make sense at all for a few
reasons. First of all the ¢ — 0 limit P isn’t a delta function, because there is no
a-dependence. Second, P (x,t) seems to be decreasing everywhere uniformly,
which seems to imply that [ P (z,t)dz = O (t_l). It is useful to look at a more
physical representation of a localized state.

8.2 Finding the wavefunction at t =0

-,
P (z,0) = —A2¢ Az (67)
which implies that
1 1 J"2 pox
W (z,0) <m2) e 3aTe n (68)



8.3 Time evolution of wavefunction

where pg is the momentum of the particle. Mathematically we could have just
multiplied by e*?, but the choice here make physical sense. To see this we look
at the time evolution of the state.

1
1N\ 1 ) o= @2 et
v = (x) amm [ S e (69)

where
a(t) (70)

which we’ll call the diffusion length. This is a Gaussian integral, which can be
done by “completing the square.” (This one comes up alot you should know
how to do it). We use that

/dxlelhmlféAl’/z _ /2%67%14_”7,2 (71)

1 1
U (z,t) = 7 — el (72)
A + ZK
where )
(J: — Bol ) 2 2 2
h Dot pia
F=-— - 73
(AT 1) R on? (73)
substituting in for a?(¢) = 2.
_ ,ht 2 _ (If%‘:nﬁ)Q t
U P e
(ra2) /(14 22 a0)
(74)
8.4 The Probability density
So the Probability density is
P(at) = | (z,1)
1 Gy
- e (/A (75)

\/(m2) (1+28/a%)

10



8.5 Expectation values
8.5.1 =«

The expectation value of z(t) gives a nice result.

(talt) = (7r1/21A(t)> /dx Kx - i‘f) + };ﬂ ) (76)
A) = Ayf1+ @/N (77)

Writing x =« — %"’ + % make this integral trivial.

where

(a(t)) = 22 (78)

8.5.2 2

To calculate the variance we’ll need to know

_ (—xg)?
<z2> = 1/ /dx —x0 4+ x0)%e NoE (79)

/dyy e W (80)

here we call y = ¢ — zo(t). This leads to

A(t)?
(&%) = a3() + 20 (51)
85.3 p
we can calculate the momentum
_meew)? L b3
wit) = / dre” 57 ] i
7TA2
(z—=q(1))? e P2t
—1h0, ( (AQ?FWZ) “)0_7‘219”%,) (82)

The derivative above requires a product rule. One term has the form f drze=2" =

0. So iy
t)) dre” &30 83
oy =B | (53)

<t|p|t> = Do (84)

11



8.5.4 p?

we would also like to know
(p(H)?)

2(A2+'La2)

02 (e_

/ dze
7TA2

(@—=g())?

(z—zq()?
2(A271a2) -

)

oz 4L
(& YImh

2
pow Pt
g tlomn

(z—=g(£))? pox Dt
= /d;pe Az*“ﬂ 6_7’ i3 +7’2mh
\/TFAQ
T — X po\ - SRz
am _ Y 2(A2+2a2)
l( A2 +19a? +Zh)e
eﬁgw—zfg;]
(z—zq()?
— /dme 2(A271a2)
7TA2
e [ 1 (emm Vo dme )
A2+ za2 A2 +1a? K2 h(A2 +1a2)
_ (w—=zg(t)? pox Pt
e 2(A2+za2)elT—12mh
1 h ? 2 2
N eT0 /dm A? +1a? <A2 +w2> (vl ot
2poh (z = wo) | A%ag)®
A2 + 102
[=0 by sym
o2y h? 1 1 A* + a*
- P AT, A2 4462 2A2
~ 24 h? 1+A2—m2
07 A2 44q 2A2
(A2+wa?)/(242)
52
2 2
(tlo*[t) =18+ 553 (85)
the RMS uncertainty on each p and x is
(Sprms = <p2> - <p> = L (86)
V2A
Alt) V2 h2t2
6177"7)7,3 = W = TA 1+ m2 /A4 (87)

12



and so

h h2t2

51‘rm85prms == 1+ 72/A4
m

Do |

9 Problem 9

Proving some standard commutation relations

9.1 a
[A,BC] = ABC —BCA
= ABC - BAC — BCA+ BAC
[A,BC] = [A,B]C+ BIA,C]
9.2 b

We look at this in the context of Taylor expansion. First look at

[p.2"] = [pa" ' x+ 2" [p,a]

In fn—1 —h=f1

This gives us the relation
fon=fono1x+ "t (_Zh)
by interating this expression n-times.

p.a"] = na""[p,a]

p,2"] = —wma"!

which is the derivative of ™. So via Taylor series
p, f (2)] = —1hf' (2)
9.3 what is [e’%, x}

This is easiest to show in p-space, where z, = 1hd,. So

[ nd, [ wp) = (e ihd, —hopeF (o)

= CFhdb(p) +acF p(p) — & Fihdyb(p),

pa
= ae'LT

We can also use an agument simular to 8.2.

13



9.4 Show that 7, is the translation operator

suppose
Py

Ta:eT

then
Tof (2)T) = f(2) + [Ta, f (@)] T

Once again in the context of Taylor expansion we look at
T,z"T}
for n = 1 equation (97) becomes
ToxT) = a4 [Ty, x| T
This commutator is (94) so,
T.f ()T =z +a
For n # 1 we note that T, is unitary (ie T)T, = I), so
T, 2" T = ToaTI TaT - ToaTl = (z + a)"

So,
T.f (2)T) = f (z +a)

This can also be done in p-space.

flwa)=e® f(a)e ™

Ouf (SL’,(L) = % []%f(f,a)] =0, f (1’,0,)

A solution to this equation is

f (@ a) = e f (x)

which is just the Taylor expansion of f (z + a) around f (z); therefore,

f(z,a) = f(z+a)

10 problem 10

10.1 show p is hermitian in x-space
p = —ihd,

hermiticity is defined as

(A) = (A1)

14

(101)

(102)

(103)

(104)

(105)

(106)



I’ll just calculate both and show that they are equal. Hermite conjugate oper-

actors act backwards.
w) = [ v (-iho,w)
<pT> = /zh (0, ")

(phy = —/\I/*zho”'xkll—&—\ll*\llﬁooo

10.2 A hermitian z, p product

pz is not hermitian because

(p2)t = afpt = 2p = pr + [2,p] # pa

but

1 1 1
3 (pz + zp)t = 3 (xp + pz) = 3 (px + p)

is Hermitian.

15
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(108)

(109)



