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1 Problem 1

Consider a particle in the ground state of a box of length a. The wave-function

of this state is
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0 else

1.1 Momentum Distribution

To get the momentum distribution we need to decompose the positions states
into momentum eigen state ¢y, (r) = e’**. We find the coefficient for each term
by taking the Fourier transform.
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1.2 adiabatic expansion

Suppose the potential is shut off suddenly then each momentum eigen state will

2
evolve with a factor of e *zmit. So our time dependent wave-function function
will just be the sum of these.
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In this last part we used parity to argue that inside the integral we can replace
e'* by cos kxz and not change the result.
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1.3 ground state after adiabatic expansion

Consider the case where the length of the box is doubled very quickly. The
probability that the we end up in the new ground state is just.

(W o) (6)
Where
(x| W) = \/gcos (%) (7)
so,
()| W) = 2 \X/_Q cos (—x) cos (gx) = 3% (8)
therefore

2 Problem 2
2.1 Show that (¢ |H|vy) > Ej

This important result can be proved by decomposing our general state into
energy eigen states of the Hamiltonian.
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Because this state is normalized |C'n|2 = 1. Also note that (E,|En) = dpn -
The second statement means that we can write the energy of our state
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where €, = E,, — Eg > 0.
The above is an important result which can be used as a variation principle
to find approximate ground state wave-functions.

2.2 Attractive potentials have at least on ground state
Suppose we have the Hamiltonian
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We will use the result from part 2.1 by choosing a trial wave-function
b (@)= (2) e (13)
T

and varying a. Our action is just the energy
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To show that the minimum here is negative we’ll look at the limits of F («) and

E' (o). To make the @ — oo limit of E («) easier to see, I will rewrite E in
terms of z = Jax

E(a) = T—ﬂj - \% /: dze=*" |V (%)’ (15)

As a — oo the first term goes as «a, but the integral approaches the constant
V7V (0). (draw a picture). So

[V (z)] e

lim E(a) = h—2a (16)
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The @ — 0 limit of E is obviously zero. The o — 0 of 0, F is dominated by the
integral term, because the —a~'/2 factor diverges to —oo. Which means that
E (a) < 0 for small o, and it must turn around at some point to match our
large o limit. Therefore,

0 > Enin (@ > 0) > Ey = ground state is a bound solution (17)

3 Problem 3

Consider the Potential V(x) = —Uy0 ().
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Because our potential is symmetric we expect only even and odd solutions. Odd
solutions are always 0 at the origin, and thus will not see the potential at all
(ie. these will all be free states). We will consider only even solutions, which
have the form

3.1 finding eigenstate with £ = —
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solving the wave equation
Iy Vb (a) v = B (19)
2m 00RF) W =
away from x = 0. We find that
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We find the restriction of x by integrating the wave equation.
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There is only one bound state with energy.
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3.2 Free State Spectrum
For odd states
(0dd) (1) = sin kz, where E = s (25)
Py x) = sin kx, where F = o
These states have a continuous spectrum. For even states
(even) cos(kx+46) x>0
= 26
i (@) {cos (kx—9) =<0 (26)
Integrating the wave equation like before
R _
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we get the restriction on k
hk

mUo

= cot Oy, (28)

. . . . _ h%E?
Jx, is arbitrary, so we still have a continuous energy spectrum FE = . The

first derivative of the even wave functions are discontinuous at x = 0 and we
have a phase shift Jy.

3.3 Positive §
3.3.1 No bound state

If Uy — —Up, then x < 0, which gives us e!**! solutions. These don’t make
sense, so there are no bound solutions.

3.3.2 new phase shift

As before odd states don’t change
1/),(€Odd) (z) = sinkz (29)

Even solutions are shifted away from the origin instead of toward the origin

(even) __Jcos (kl’ + 6k) x>0
= 30
Vi (@ {cos(km—ék) x<0 (30)
where 2
cot o = “ il (31)

4 Problem 4

Consider the potential

V(2) = {O |z| <a (32)

Vo lz|>a

4.1 The Parity Operator
Consider the parity operator P.

and the Hamiltonian



The commutator
[P, H = (PH — HP) 4
=H (-2)¢ (-z) — HY (—2)

35
= H (x)Y(—z) — H () Y(—z), because V (—z) =V () (35)
[P,H]=0
suppose ¥g is an energy eigenfunction. Then
Hyp = Eyg (36)
PHYp = EPYg
HPyp = EPyg using the commutator (37)
H (Pyg) = E (Pyp)
There is no degeneracy in the 1-d case so this state must be cig.
P =17 (38)
S0
Ap=Fl=c==1 (39)
Pyt =+ (40)
where 7,/1; is even and 1y is odd.
4.2 Energy Spectrum
We'll match the BC at = a. Either side should give the same result.
4.2.1 Even solutions
the general form of the even bound solutions is
Aef* T < —a
Yeven () = { Beoskr —a<z<a (41)
Ae™H® T>a
We match both the wavefucntion and it’s first derivative at the boundary.
Bcoska = Ae " (42)
—Bksinka = —Axe™ "¢ (43)
these give us the relation
ktanka = K (44)
and 4
5= e coska (45)



4.2.2 0Odd Solution
—Ce™ < —a
Yodd () = < Dsinka —a<xz<a (46)
Ce k= T>a

matching wave-function and it’s first derivative.

Dsinka = Ce™™ (47)
Dk coska = —Cre™ " (48)
This leads to the relation
kcotka = —k (49)
note that
h2k?
= 50
5 (50)
h2k?
=VW—-F 51
=V (51)
SO -
mVo
k? + K2 = = (52)

4.3 Graphical solution for energy spectrum

To find the energies of our particle in a box we look at the intersection of

8 =atana (53)
B 4? = 2771;;0@2 (54)
for even solutions and
8= —acota (55)
B +a? = Zm;OQQ (56)

for odd solutions
Note there is always an even bound state, but if
2mVpa®

2 <75 (57)

Then there will be no odd bound solutions. On the figure there is only one even
solutions for Vy = Vp1, and three solutions (two even and one odd) for Vi = Vpa.

4.4 A sketch of low energy solutions

The three lowest energy solutions are plotted below.
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Figure 1: Blue/red line intersection give us even/odd-solutions.

4.5 Always an even solution

As I said before there is only one even solution if
22

Vo <
0™ Sma?

We can see this by looking at figure 1.

4.6 A ground state wave-function

h2r?

Here we calculate the ground state wave-function for Vj ST -

be an even wave-function.

Ae"* r < —a
Yo (x) =< Beoskr 0>x<a

Ae™r* T>a
Numerically solving for (56), we find

ap = 0.934

Bo = 1.263

A

— =2.102

B

A is found by normalization of our state.
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We know it will
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4.7 Infinite square well limit

e~ 200

In the infinite square well limit K — oco. We will treat even and odd solutions

separately.

4.7.1 even

ktanka = k
k="" 0 e odd
2a
4.7.2 odd
kcotka = —k
™
= —, n € even
2a
4.7.3 Together
n?m?n?
Ep=—— Z
k Sma2 " <

Which is the infinite square well result.

4.8 Continuous limit

4.8.1 even

¥ () cos kx
xr) =
Csink’z + Dcosk’z = Acos (K'x + )

2] < a
lz] > a

(70)



where

2mE
k =

h
2m (E - Vo)

we can relate the coefs. via B.C.’s

coska =Csink’a+ Dcosk’a
—ksinka = Ck' cosk’a — Dk'sink’a

Solve as matrix equation
sink’a cosk'a cy coska
k'cosk’a —k'sink’a) \D) — \—ksinka

we find the inverse o . )
Mol <51nk a cosk'a )

cosk’a —% sink’a
We find
k
cleven) — coskasink’a — o sin ka cos k'a
k
D) — coskacos k'a + o sin kasin k'a
D(even)
cotd = ~ Cleven)
4.8.2 odd
sin kx r=a
P () = .y o / ’
Csink’z + Dcosk'z = Acos (K'z +5) |z| > a
where once again
2mE
k p—
h
2m (E —Vp)

we can relate the coefs. via B.C.’s

sinka = Csink’a + Dcosk’a
kcoska = Ck' cosk’a — Dk'sink’a

Solve as matrix equation
sink’a cosk'a cy\ sin ka
k'cosk’a —k'sink’'a)\ D) — \ —kcoska
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We find

k
) — gin kasink'a + 7 €08 kacosk'a (83)
k k
Ddd) _ i kacosk'a + e~ 77 Coskasin Ka (84)
D(odd)
tand = Codd) (85)

4.9 Reducing to o

First we shift the energy so that V,yutsiqge = 0, so that kK = ¥ QETE In this limit
ka — 0. We treat bound and unbound cases separately.

4.9.1 bound
ktanka — k*a = K (86)
2mVy
( 2 ) a=kK (87)
mUo
-~z (88)
mU?
E oun 0
hound = — 0 (59)
For our normalization factors
A
5= e coska — 1 (90)
1:/|w|2dm (91)
= 2A2/ ey
0
A2
T e
(92)
A=k (93)

4.9.2 unbound
from part h. in the limit ka ~ 1/y/a — 0. For even

k2
D(even) 14+ k_/ak/a ~1 (94)
D(even) n2k
cot epen = O (even) - mU, )
(96)
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For odd

cdd) _, (97)
Ddd) _, ¢ (98)
C(odd)
Diodd) =cotdyp > o0=9=0 (99)

This limit reduces to the ¢ case as expected.

5 Problem 5
Compute
. Zh * *
J=—5- (W*Vy —pVy¥) (100)
for
b= Aera/h 4 pe=wa/h (101)
_ @ —wpz/h wz/h
V) - (Ae Be ) (102)
SO
. _ﬁ@ * 71px/h * ’Lpib/h me/h _ 7pr/h
)= mei[(Ae +Brerit) (de pe~e/") + 0.0
_ 2£ [|A|2 —|BJ? + AB*e¥wa/h _ A* Be=2wu/h | O.C] (103)
m
. b 2 2
== ||AlI* = |B 104
i=2 [P - 8] (104
6 Problem 6

6.1 Wave packet Oscillations

consider the wave-function

W (x,0) = (W%(%)_ e (105)
6.1.1 time evolution
B0 = 3 G B e ke (106)
n=0
where
Cn = (En|¢ (0)) (107)

12



(@l (8)) = > Cn (2| By) e 7 Ent
n=0

(0 (ma t) = Z Crnon (CL‘) e nEnt
n=0

where

_ =2 1
m2 —
¢n (x) = Ny Hy, (x/x0) e >0, N, = (7x07r1/22"n!)

is an energy eigen state
6.1.2 The coefficients

Cn = <En|1/’ (O)>
— / dx (2,0) 67, ()
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We can take this integral with the help of the generating function

%) H,
Z(z,5)=e " TP =% —fx) 5"
n:
n=0

_w—a)? _5%498z —22
I(s)= [dze” 2 e e 2

2

I(S)= /dfce—w2+“w+25%_52_%“
26752,%a2ﬁ6%(a+25)2
_ ﬁe—i(f—i-as
0 n
= Vre ity Logm
n!
n=0
On the other hand

I1(S)= /d:cef@ Z iy () S”efé

n!

z—a)? z n
:Z/dzef( 7 Hn(a:)efTZS—'
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This means that

/dxe_
Cp= | ——
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6.1.3 A Physical Solution
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6.2 High-d Harmonic Oscillator

6.2.1 2-d

The Hamiltonian is
ﬁ2 82 32
“om (W T g2

This is sepratible

we now have two equations

h? d?
 2m da?

h? d?

- 2m dy?
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mwia*yp, (v) =

mwhy Ve, (y) =

14

= H,(x)e = =/ma"e”
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Bl

1,2
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T sin 2wt + ax sin w.t

5 ) Ve () + et (2 447) v (ov0) = B (5,9
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The solution is

H. Zz \H Y 02 4y2
1 n1 \ zg n2 \ zq — +2J
1/)?; = —7 e 275 (135)
w1220 /271inql/2"2n5]
Ez = hwo (n1 +na + 1) (136)

note that there are degenerate energy values. For the n-th, energy levels there
are n + 1 ways to add up n; and ny to get n.

n=04+n
n=1+(n-1)
n=n+0
goa (n) =+ 1. (137)
6.2.2 3-d
In this case
H=H,+ Hy +H, =Yg (Ia Y, Z) = ¢E1 (I) wE2 (y) wE'a (Z) (138)

similar to the 2-d case. Our solution to the 3-d case is

. y 5 w2442 ,2
¢ﬁ (F) = anananHnl (_) Hﬂz <_> Hns (_> € 25 (139)
Zo Zo

Zo

3
Ez; = hwy (nl +n2 +n3 + 5) (140)

g =33 (141)

{

gsa(n) = 5 (n+1)(n+2) (142)
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6.3 particle in B-field
6.3.1 from H to Schroed.

For a free particle in a magnetic field.

(p — qA)°

H:
2m

(143)
note that if we define p’ = p'— %‘Y this looks like a free particle.

Given that B = ByZz we have some choice in our quantity for A. I will choose
A so that it points in the ¢ direction.

A = Byzij (144)
we solve the eigenvalue problem.
| o 9 qB \® o
— | —-= —— — — - — =F 14
2m [ Ox? + < Zay h x) 022 Ve Ve (145)
this is separable
Ve (1,y,2) =Yg, (v)YEe, (y) Ve, (2) (146)

Note there is no explicit z or y dependence. So the y and z parts are just plane
wave solutions.

hz 1 €z 2
g, @)+ (5~ k) v, (@) = Bave, (@) (147)
The total energy of this solution
o,
E=FE,+ 5~ (k2) (148)
define
T = ézky
oo b (149)
" 2ngB
then
h2 y 2 9
b (@) + 5 (0= w) U, (7) = Eatp, (1) (150)

The solution to this equation

— (m—m )2
w"*kyvkz (x,y,2) = Nnemnyﬂkzan <x [Ik) 67%@—21c (151)
N
By, = 0 <” * 5) + 5k (152)
2 h?qB
fwe=0m = Tn (153)
B
we =" (154)
m
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