Quantum Mechanics - 1: HW 6 Solutions

1 Problem 1

Show that H (El . Eg) commutes with E, where 51’2 are vector operators.

Leo Radzihovsky
Paul Martens

November 12, 2007

The definition of a vector operator.

|:E,L(1 or 2), L]:| = ZheijkEk

(transforms like a vector under rotations)

(EVED, 1] = B [ED, ;] + [ED, 1] EP

Because El . Eg commute with L all functions of El - Eg commute with L

2 Problem 2

Show that L, = —ih (x0y — y0,) = —1hd, relating coordinates

and derivatives

= theggr (B ER + BV E)

=0
[ (B B) 1] =0
x = rsinfcos ¢

y =rsinfsin¢

z =rcosb

—~ o~
o g D
Lz =



r=/x?+y? + 22

(13)

(14)

(15)

2~ cosf
r
calculating derivatives
0
a_r_ sin 6 cos ¢
or r
0
o_d_ sin 6 sin ¢
dy r
0 derivatives can be taken easily by making use of the chain rule and equation
(12)
0 z z Or 0 00 0o 00
—— =——— = —sinf— = —sinf—
oxr r2 Ox ox ox
solving for %.
a0 1
— = —cosfcos ¢
oxr r
the calculation for g—z is almost identical
09 1
— = —cosfsing
dy r
finding ¢ derivatives
v _ tan ¢
x

taking derivatives of both sides

t
_tang = sec? ¢%
ox
solving for g—i.
% _ sing
dr  rsinf
a similar argument can be used for y
09 _ cos¢
dy  rsind

Putting all of it together

L,
—1h

= 20y, — ydy = rsinf cos ¢ (0yrd, + 0,009 + 0yPp0y)
—rsinfsin ¢ (9,70, + 0,009 + 0,$0y)

Lz = —zh%

(22)

(23)



3 Problem 3

Suppose we have three identical bosonic particles constrained to move on a circle
in an equilateral configuration and want to find the wavefunction and the energy
spectrum. The Hamiltonian of this system is

L2
H=2z 24
57 (24)
where
I =3mr? (25)
The eigenstates of this Hamiltonian are the eigenstates of the L, operator.
L. |6) = L. |6.) (26)
e, (¢) = €"=? (27)
The position of each of the particles are
=9 (28)
27
G2 =+ 5 (29)
4
¢3 =+ 3 (30)

Because these are bosons, we must require that the full wavefunction be
symmetric under permutations. For the rigid structure above this amounts to
bm (¢ — ¢+ 2?“) = ¢, (¢). Therefore, £, = 3n, where n € Z.

b0 (6) = €219 (31)
5, = (32)

4 Problem 4

Express Y,;"’s in Cartesian coords

41 Y

4.2 Y!

3
Ylil = F4/ o sin 6 et (34)

sin 6 cos ¢+ sin 0 sin ¢

3 Ty
=F/— | ——m— 35
+ 87.[.( /x2+y2+z2> ( )



4.3 Y

3 3
Yy = \/—cosf = \/—W—Z
47 4 1’2+y2+22

4.4 Y;?

15
+2 [/ Y .2 .
Y5 = \/3277 sin” 6 (cos 2¢ & 1sin 2¢)
15 . 2 2 .2 .
= BTSIH 9((308 ¢ — sin ¢:l:2zsm¢>cos¢)
™

yE2 _ /E 22 — y? £ 2wy
20V 32r \ a2 4 g2+ 22

4.5 Y3
1
Vit = 54/ 8—5$in9c089(cos¢j:zsin¢)
™
15 Tz *wyz
vl oo 22
2 TV sr <12+y2+22)
4.6 Y)
5 22
V0=4/— (83— — 1
2 167 (3x2 + 9% + 22 )
5 Problem 5
5.1 a:

2

¥ (p,®)

|
- [%
> |
S
Q
o
w0

project out Cy¢, via Y,™’s.

1
1\12|sz|2;»1\72(1+4+1)=1:N2=6

o0, =42
P(éz) = % Ez =0
0 else

(43)



5.2 b:
O (2,y,2) = A(zy +yz +x2)e 70 (46)
use the result from problem 4:

-1 327 4 _ov 9
TY = TE)(YQ—YQ )r (47)

therefore

—A ” 81

: V(-0 - ()Y - g ()

via orthogonality of the Y,"’s

1
CQ’QZN/L :>P2"2:N2:6 (52)
1
Cy1=N(1-1) = Py; =2N? = 3 (53)
Pp=0 (54)
1
Co_1=N(1+2) = Py =2N? = 3 (55)
1
Cy,—o = —1N =P _5=N?= G (56)
all other coefficients are 0.
6 Problem 6
Rotation of £ =1 (vector) eigenstates. 6,2 rotation:
T —x (57)
y — ycosb, — zsind, (58)
z — zcosb, +ysinb, (59)
(60)
(61)

Y (x,y,2) — ¥ (x,ycosb, — zsinb,, zcosb, + ysind,)
2
2

T ’7‘2
check on ¢ = Aze™ <> — A(zcosb, —ysinfy)e < by working in Y;™ repre-

sentation.
2 41 2 0
Y=AeT z=A 5 re a2Y] (62)



first we write this as a vector

0
=11 (63)
0
then we rotate using the rotation matrix
L.\" L,
e Wala/l — (cosf, —1) (ﬁ) —18in 6, <ﬁ> +1 (64)

because L3 = L,. In matrix form

2

1 1
0 7 0 0 7 0
e~ Wala/h — (cosf, — 1) % 0 % —18inf, % 0 % (65)
1 1
0 7 0 0 7 0
As a check you should convince yourself that £ — x here.
0 I 0
eWela/h (1) = (1] —usin€, | 0 | +(cosb, —1) |1 (66)
1
0 0 7 0
1
=cos0,Y? —1sinf,— (Y} + Y71 67
1 \/i( 1 1 ) ( )
1 /3
= / o (cos Oz — sin0,y) (68)
therefore
4 21 -2
Y — Ay/ ez —1/ 3 (cosByz —sinbyy) = A(coslyz —sinfyy) e o2 (69)
3 rV 4w
7 Problem 7
Harmonic Oscillator
7.1 a: 2D in polar
2
p L 959
H=—+- 70
o taree (70)

7.1.1 i: [H,L,]
One can just use answer to problem 1. WE do it here explicitly.
(0% + Py, apy — ypa| = (P2 2] py + [Ph. 2] py — [P2.y] Pe — [P 0] P (T1)

= 2Dz [pa> T Py — 2Dy [Py Y] P (72)
= —2t (pypy — PyPz) =0 (73)



therefore
[H,L,]=0 (74)

So eigenfunctions of H are eigenfunctions of L,. Keep this in mind as we look
at the HO Hamiltonian.

Hi = Ey (75)

h2
[—QMW +V (p)] ¢ = Ey (76)
R (0% 10 1 02
——— =t + == 1% R(p)® =FER(p)® 7
5 (52t apt ) FV W] ROP@ = ERG®@) (1
We extract the angular dependence by taking ® = ®,,,, where L, ®,, = hm®,,,
with m integers. H in terms of L,. Note that ®,, = ¢"™?, forms a complete set.

2 2
5 (34 30)) + 52 4V (0] ROV Bw (0) = ERG B0 (0) (19

h? 9 1 1,5  h*m? -
|:—2’u (E)p + pap> + <2ﬂw p-+ 20102 )] R(p)=ER(p) (79)

7.1.2 ii: p — 0 limit

In the p — 0 the effective potential is dominated by a centrifugal barrier, due
2
to angular momentum conservation. (Vess — “z)

., 1 m?
_ﬂ (8,, + ;ap - /72) Ry, (:0) = ERE,m (,0) ~0 (80)
suppose
R (p) = p© (81)

we get a relation for « using eqn (80).
ala—1)+a-m?*=0=a==+m (82)
We expect our wavefunction to be well behaved at p = 0, so we’ll take o = |m]|.
lim Rz, = cplm (83)

7.1.3 iii: p — oo limit

2

In this limit we drop the 2, E, and 19, terms.
P pP
—5—28%1&2 R (p) =0 (84)
o+ g’ P ) B (p) =
solution to this is
— 2 I
e %, where pg = {/ — (85)
W



7.1.4 iv: dimensionless variables

define

hQ 1 1 1 h2m2 1
- (8%2+ =0 19292 2 1lr _BR

2u P% ( e T T ac) + 2,UCU pox” + QMP% 22 E,m (poa:) Em (pox)

%hw %hw 1hwm?2
(88)

2 1 2 m2
(aﬂ” * x@) R = (m + xg) Ry, = —2€¢R,, (89)

suppose

Bop = 2l f (2) (90)

The differential equation becomes

m| (jm| = 1) 2™ "2 f (2) + 2|m| 0, f (@) &l ™=+ &l™O f (2) + [m| 272 f ()

+ 2™, f (x) — (xlm‘“ + m2x|m|_2) f(x) 4+ 2ex™ f (2) =0 (91)
2f () + 2|mm¢8mf (2) + (2¢ — 2%) f (2) = 0 (92)

7.1.5 wv:f(x) = u(x)e%b2

This is required to meet the z — oo limit.

22 22
Of=e 7Tu —ze Tu (93)
DPf=e"7u —2ze” Tutaie Tu—e Tu (94)
equation for u
2 1
u”72mu'7u+m2u+$(u'fxu)+(QGfxz)u:O (95)
2 1

u”—&—[|m:|v—i_—2x}u’—|—(2€—2m—2)u=0 (96)



7.1.6 vi: A series solution

The large x limit is already taken care of by the exponential. Suppose our
solution has the form -
x) = Z ez (97)
n=0

From the differential equation we get a recursion relation for our coefficients c,,.

Z n(n—1)2" %c, + (2|m| +1) Z ne,x™ % — 2 Z nepx™+
n=2 n=1 n=1
- (98)
(26 — 2 |m| —Z)chx" =0
n=0
oo (o)
Z(n—!—Z)(n—l—l)x Cny2 + (2Im|+ 1) Z (n+2)cpiox”—
=0 =t (99)
Qchnaj + (2 =2|m|—-2) chx
n=0
(o)
nz:% [(m+2)(n+1)cpia +2(e—|m|—1)cp — 2ne,+ (100)

(n+2) (2|m] + 1) cpia] 2™ = 0
To get above-deduced z!m| small = asymptotics for R,, (), we must take ¢; = 0.
This is consistent with the small r limit we found in part ii.

(—e+|ml+1+n)
2 Cn
(n+2)(n+2|m|+ 2)

Cp+4+2 = (101)

7.1.7 vii: terminating the series

Note that for large n, c’;i — % Compare this to e =1+a2+ L; + %(.) 4

C2k+2 __ k! _ 1 3 n
o T GED T T For large k this also converges to 7.

There§ore if our seres does not terminate at some m then our solution will be
(@) (e%). If we assume that ¢, = |m| + 1 + p, where p € Z, then the series

For this series

terminates. Because C; = 0, p = 2k, where k € Z. This quantizes our energy
hwo(n+1), n=|m|+2k (102)

7.1.8 viii: degeneracy

For a given energy E,
Im| =n — 2k (103)



m is even/odd when n is even/odd

|m|:{n,n2,n4,~',0 n € even (104)

n,n—2,n—4,---,1 n € odd

This means the degeneracy of E,, is n + 1. This agrees with our treatment in
Cartesian coordinates.

e=hw | ng+ny+1 (105)
——
n
7.1.9 ix: Eigenfunctions
n=0=>m=0,Dy=1
2
0.0 (p,®) = Noge™ % (106)
n=1=me{1,0,-1}, D; =2

U = co + cox?, o =0 (107)
_22
¢1,41(p, ¢) = N1x1e 270 (;}) et? (108)
n=2=me{20 -2}, Dy=3
ug2 (x) = c(()2) + 0(22)902 (109)
D =2(=3+24+1+0)cP =0 (110)
Uz (x) = c(()o) + céo)ﬁ (111)
0 —3+1+0 (o 0
OPEE2 L NUBY 1)
P p 2
$2,42 (p, @) = Nayoe 20 (p) e (113)
0
02 p2
$2,0 (pp) = Nae 200 (1 - p2> (114)
0

7.1.10 x: relating Cartesian and polar coordinate solutions
n = 0 state is non-degenerate so it must match the Cartesian form exactly

22 y2

$0,0 X e %5 =¢ e 0 (115)

10



n = 1 states are two-fold degenerate so the a Cartesian state must just be
some linear combination of the old states

2

¢1,41 x pe 28 e*? (116)
_ 2
o (z+y)e > (117)
el af
o (H1 (2) 67122p0) (HO (y) 6_2f’()> ) (Hg (z)e 2”3) (Hl (y)e 2ﬂ3>
(118)
_ 22
$o.40 o< | p®cos2pF1p?sin2¢ | e 28 (119)
—_—— ———
z2—y2 2ay

2 2 2

—z J —_z —
o Hy (z)e >0 Hy(y)e 28 — Hy(xz)e %0 Ha(y)e

2 _ ?/2

+12H, (x)e > H, (y)e >3

(120)
2+’ 4
$2,0 X (1 -— )e 209 (121)
Po
22 _ 2 _a? AR
x Hy(z)e 0 Hy(y)e %0 + Ho(z)e 0 Hy(y)e 20 (122)

Parity from before was (—1)". Eince odd/even m corresponds to odd/even
n, parity in the polar representation is (—1)"".

7.2 b: Rotating system
If we rotate the system with frequency 2, then

2
p L 229
H— Hqg=—+— —-QL, 123
= Ho =5+ gy (123)
Epm=hw(n+1)—hQm (124)

For small Q < w, we get a small splitting of previously degenerate energy levels.
For 2 > w, the system becomes unstable as a result of centrifugal kinetic energy
dominating the potential.

1 1
Vers = §mw2r2 - §m92r2 (125)

11
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7.3 c¢: 3D Oscillator

2
p L 52
H=—+— 126
o T (126)
The eigenfunctions have the form
U
¢E,€,7n = f7£ }/gm (127)
3
E,=hv(n+ 3 (128)

These states are degenerate. Each n, ¢ has 2¢ + 1 m-states. For a given n the
allowed values of ¢ are given by

¢ =n—2k, where k € Z (129)
7.3.1 i: degeneracy
n/2 n l

D, = Z Z Z 6€,n—2k (130)

k=0 ¢=0 m=—¢

——
20+1
n/2
= [2 (n —2k) + 2] (131)
k=0
n/2 n/2
=> (@n+1)—4) k (132)
k=0 k=0
:(2n+1)(g+1)7n<g+1):(n+1)(g+1) (133)
1 2
D, (n+ )2(n—|— ) (134)
7.3.2 ii: eigenfunctions
,i 7& _ y2 _ 22
1/)070,0 (T, 0, d)) = N0706 ZT(% = e 2% e 27‘8 e QTS (135)

12



Y110 (r,0,0) = Ny1ge 8 Yig(0,)

z

22 y?
¢171’0 (’I“7 9, (b) = 6_ g e 203 Hy (Z)
7’2
11,41 (r,0,0) = N1 +1e g rY1,+1(6,0)
7‘2
= ¢ *37sinf (cosf =+ vsin ¢)

22 42 .2 22 42 .2

T 52 T 92 T 5.2 5.2 T 5,2 T 5.2
wl,l,il (7“,9,([5):136 27‘06 27‘06 27§ :|:7,€ 27‘0ye 27‘06 2rg
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(136)

(137)
(138)
(139)
(140)

(141)



