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1 Problem 1

3D Spherical square-well potential. Suppose

o

1.1 a: Boundstates

For these states £ < 0. Define:

R (r) = (2)
The radial equation for U
h? d*U, R0 (041
T L (T) + (V (T) + ( + )

om dr? 2mr?

) Unf = EnZUnZ (3)

1.1.1 i: spectrum for general /

Solve for internal and external separately then match boundary conditions. 0 <
r<d=V(r) =—V, = free schr. solutions with £ — E + V|

657? %%jL(ﬁ—W%l))R_o (4)
where
o= /220 ~TED 5
we require a regular solution at r = 0; therefore
Ry (1) = Ajy (k1) (6)

for the external solution
2
R 2ﬁ+(—oﬁ—wﬂ))}zzo (7)

dr?2 = rdr r2



where

2m |E)|
azyf2d ®
outer solution is
R (r) = Bj; (rar) + Cny (rar) (9)

we need a decaying solution, which is a spherical Hankel function of the first

kind. hy) = j¢ + wny. Matching boundary conditions leads to a discrete spec-
trum. 1y

iy (kd h d

-].Z (K: ) . 4 (ZCY ) (10)
Je (kd) he (1ad)

=

1.1.2 1ii: /=0 case

U'+r2U=0 0<r<d
(11)
U'—?U=0 d<r
Solution is
Asi <d
U (r) = Sl_n kr 0<r< (12)
Be ™" d<r
BC B
1= e sin kd (13)
The wavefunction is
U o (1) = ésinm‘ O0<r<d (14)
B0 N ge’m d<r
spectrum is found through the relation
cos kd 2m
— o= 42V k2
" inrd “ h? Vo~ (15)
K* = (K* + a”) sin? kd (16)
—_———
2%V,
. h?
Sin K,d =+ m/ﬁ}d (17)



f BCs Lead to finite # of solutions

xd

-1t
-1.5¢

-2t

1.1.3 iii: n-th boundstate requirement

The relation above has the form dx = sinz. So we get the n-th bound state
when

5(2n—1)g=1 (18)
or 2y
(n) _ T 2
Voo S (2n—1) (19)
The first bound state appears
212
(1) =k
Voo = 8md? (20)

Note that this is somewhat different then the one dimensional case where there
is always an even bound solution for an attractive potential. Our boundstate
here corresponds to the first odd boundstate in the one dimensional case. This
is a result of the U (0) = 0 condition, which in effect requires that all solutions
are odd.

1.1.4 iv: Deep well approximation

consider the limit @ — oo for low energy states. In this limit R,y — 0. We
now have the simple BC.
e (kd) =0 (21)



Bessel zeroes can be looked up in a table. I list some here

n= 1 2 3
=0 3.14 6.28 9.42
(=1 4.49 7.73 10.9
=2 5.76 9.10 12.3
(=3 6.99 10.4

(=14 8.20

{=5 9.35

In atomic language. The lowest states are:
1s, 1p, 1d, 2s, 1f, 2p, 1g, 2d, 1h, 3s

1.2 b: continuum states

1.2.1 i
2mE
2 __
ke = 2
9 2m

Re(r) = Bjg (kr) + Cng (kr) d<r
e Aje (kr) 0<r<d

matching boundary conditions

) B . C
je (kd) = ng (kd) + an (kd)
B C
kjp (kd) = ijé (kd) + an} (kd)

K

ji(kd) _ gy (kd) + Znj (kd)
je(wd) " o (kd) + Grg (kd)
from the above expression % can be calculated.

1.2.2 i

Ry (1) &B [% sin (kr - gé) - gir cos (kr - ﬁé)}

T—00

\z;'_/ %sin (kr— g€+5g)

\z/ % {sin (kr — gﬁ) cos oy + cos (k:r — gé) sin 54

T—00



therefore

= —tan 5g (k)

1.2.3 iii

For { =0
(Bsinkr — Ccoskr) r>d

1
Ro(r)=47"
o(r) {ésinkr 0<r<d
(From Continuity BC’s

Asinkd = Bsinkd — C coskd
Ak cos kd = Bk cos kd + Cksin kd

cot dichoskd—FCsink:d

& v = Bsinkd — C cos kd
thd — &
Ecoth}dzcoc473
k 1—§cotkd

SH

gcotnd—cotk = % (gcotndcotkd— 1)

7 cot kd — cot kd

7 cot kdcot kd — 1

tan kd — % tan kd
— % tan kd tan kd

mQ waQ

= — tan50 (k) =

define

ko = v/ emVph?
r = kd

To = Kod

in terms of these new parameters

x tan z tan |:m0 1+(%)2:|
-1

2 z @ 2
KR = Ko 1+ <£> C0t50 = 0\/1+(I0)_

2
ko tan | zg 1—(%)
1412 L
3 xo o )2
1+(35)
one can expand this in terms of k

1 1
kcotdyg ~ —— + §r0k2
a



tan kod
=(1- d
¢ < kod )

2
1/3— N; S+ t:nﬂ(;tj2_tm;2n'gd
2d <ﬁ tan kod + 2rgd 1jia§};d 2r3d
To = tan kod
- =t
o d (1 3 tann0d>
Kod
an kod an? kod
g tan kod 3~ Qnédz + 2220(1)%/2 - tQKgdS
To = 2d + 3
1 — tan kod | _ tanrod
(1 )
a
100| Di verging Scattering Length
7.5}
5,
2.5}
0.5 ‘ 1.5 2 2.5 3
-2.5
-5t
-7.5

-10t
Note that:

Kod

(1): scattering length a diverges (changing sign from negative to positive)

at kod = 7, which implies

m2h?

2mV0*d2 B 2 B
© 8md?

— =V

i Vi S S 4

ie. a — oo when Vy — V| as a bound state comes in
(2): ro is smooth and finite near Vyo.

1.2.4 iv

for Vy — o0, kod — .

a:d(l_tanf@'od) 4
Hod

(50)

(51)



d Wl | Behaved Effective Range
1 1.25 1.5 1. #od
- 5,
- 10,
- 15,
- 20,
1.25 v
gy | il (k) + G (k)
o (kd) je (kd) + Sy (kd)
]2 (Hd) . .72 (Hd) C . C /
kd kd) = =k ( j, (kd) + =0/, (kd
DL k) 2 e k) 3 = e (7 k) + o (k)
C ji (’{d) ’ > .7 .72 (Hd) .
= — | k= ne (kd) — kn, (kd) | = k7, (kd) — k= kd
& (2 (ha) — b (k) ) = B ) = w2 o

in the limit kd — oo

(kd)*
(2¢+ )N
(kd)*
(2¢+ 1)

ng (kd) — —

Je (kd) —

je (kod) (kd)™ "D k(£ + 1) (kd)”H?
T (kod) L+ D) 20+ 1)

. ¢
v L (ha) e 0d)(Rd)
20+ 1)1 %50 (kd) (20+ 1!
solving the above expression for %.
¢ Ji(rod)
C_ _ (ka)2t! CRATICT.)
& St + rogi



SO

0 — Kodjé(ﬁod)

5[ (k) ~ (kd)2é+l J@(’l‘”vod)
~— Jo(kod)
kd0 0+ 1+ rod5arg)

52 (k) ~ O (k22+1)

2 Problem 2: Hydrogen Atom
21 a

suppose
U (r)=Ae ™

A= # can be found via normalization
0

The Probability to be in a state Wz, is

Pnfm - |<\I]nlm|\ll>|2

- /OOO drr® Ry (r) W (1) /_1 d (cos ) /0% deY;"" (6, ¢)

-1

VATS4,00m,0
2
am)* | [ 1 v
Ploo:(wg / drr? e @e 7o
Ty 0 ﬁag
o 2
:< 31'63) / drr2e (Fte)r
To a0 0
3,.3
Pigo = 64—0"0 5
(ao +70)
3
(8]
P a) = 64—
100( ) (a+1)6

in which the a = 2,
ao

22 b

U is separable
\I/nlm - Rnl (T) }/Zm (97 ¢)

(70)

under parity ¥ — —7. In spherical coordinates 8 — 7—6, ¢ — ¢+, and r — 7.

P\IJnEm - Rnl (T) }/Zm (7T - ead) + 7T')

(71)



P Prob Density Peaked at 1

o
Recall
Ym N, 1mé 1 df*m ( . 9)22
- m€ . m S1n
‘ ‘ (sinf)™ d(cosh)™ ’
m wmb _amm 1 df—m . 20
Y/ (r— 0,6+ 7) = Ngppe'™’e (—sind)

(—sin®)™ d(—cosh)" ™™
= (=)"(=D)mY
P\Ijnfm = (_1)€\Iln€m

3 Problem 3: Angular Momentum

3.1 a:ig

Recall
Ji|gym) = /G (G +1) —m(m 1) [jm £ 1)
']Z |jv m> = hm |j7 m>

and that



consider a spin—% particle. (j = % and m € {—%, %}) Then

likewise

Therefore

3.2 b

3.2.1 i

3.2.2 ii

3.3 ¢

(gm | Jz| jm”)

—
ST

;) =

x

mm/’

n \/3—1-15 +\/3+15
2 4 4 m,m—1 4 4 m,m—+1
h

2

| S

(5m,m71 - 5m,m+1) =

h

J;,m, = hmém)m/ = 50'2

[0i, 0] = 21610k

{O’i, O'j} = 251’;’

201'0']‘ = [O’i,O'j] + {O’i,Uj}

= 251'3' + 2Z€ijk0'k

Troi0;] = 20,

n -

ST

=

'O’) = aibjoiaj
= aibj (5” + Zeijkgk)

-5):5-5+z(ax5)-&

©0 =Ng0g + Ny0y + N0,

cosf sin Qe
sinfe*®  —cosf

10

Oy



3.3.1 i: eigen values and vectors

cosf — A sin fe~*®
sinfe®  —(cos@ + \)

= A==*1

=0

Finding eigen vectors
(cos® — 1) ay +sinfe"?B; =0

0 0 0
(—2 sin? 5) a4 + 2sin 5 €08 ie*m@r =0
0
A _ COS 5
=Ty (e“" sin g)

(cosf+1)a_ +sinfe ?p_ =0

0 0 0
(2 cos? 5) a_ + 2sin 5 cos 56_“755_ =0

)
A sin 2
= U = 2
- (—e“i’ cos g)
3.3.2 ii: rotating

.

Q

671

M

=cos— —10 - &'sin —
2 2

7] N . 7] A N .
cos g — 10, sin 5 (—191 — Oy) sin

>

N>

B 1

X N N
Exal - T )
ng —I—ny

where 7 = £ sinf cos ¢ + §sin @ sin ¢ + 2 cos 6.

é:

N>

6 = — sin ¢x + cos ¢y

SO . .
_.00.5 Cos 5 —e " sin 5

[ 2 = . 9 9

e'? sin 3 Cos 3

Eigenvectors through rotation

11

(—zém + éu) sin g cos g + zéz sin g

(102)

(103)

(104)

(105)

(106)

(107)

(108)

(109)

(110)



i [ gin b6
" _6—139'”_< S 3¢ ) (111)

In operator language

(- @) UpUT 07 = AL 0% (112)
Ul (- &) Uy (U}Lwi) -\ (U,{\pi) (113)
—_———
o. (Ujwt) =+ (vlwt) (114)
eigenvectors
A 1
v =0, (115)
Ut = Uy (?) (116)
3.4 d: Eigenvalues and vectors of S, + S, for S = g
suppose
h h(il1 1
O—SI—FSZ—E(%—FUZ)—E(l _1> (117)
Eigenvalues from the characteristic equation
14N —1=0= )3 =+V2 (118)
where .
n=—=(@+2 119
7 (& +2) (119)
or ¢ =0, 6 = 7. We calculate the eigenvectors directly
(1—\/§)a+5:0 (120)
v, =n( ! (121)
+ = 1— \/5
U_—N <1 ‘1\/§> (122)

where N =

\/1+1i2_2\/§ = \/4_12\/5. This agrees with the result we get by
rotating the eigenvectors of o.

cos T\ _ (cosmd +1) /2 1 1 1
“()‘(W) ‘WTW(—O—@)
(123)

12



So the probability that we measure the system to be in the up state is

Py = cos? g ~ 0.85 (124)

3.5 e: spin precession

H:—ﬁ-§:g2;C§-§ (125)
3.5.1 i: Heisenberg
The Heisenberg equations of motion
1hO; = [0y, H] (126)
In this case
1h0S; = [S;, H] (127)
= [5:: 5)] 5B (128)
= thei S B 5 (129)
= eN = =
9,5 = (Qfm) Bx§ (130)

The frequency can be read off the differential equations above

wo—ﬁB

= 131
2me ( )

Note that S B does not change with time. (the Sp component is fixed). They
is perhaps easier to see if we re-write the above differential equations as two
independent harmonic oscillators.

0:Sz = —woSy (132)
0rSy = wo Sy (133)
plugging one into the other
028, = —wiS, (134)
7S, = —wis, (135)
The solution is
S (¢) coswot —sinwet 0\ /S, (0)
Sy (t) | = | sinwgt coswoet 0| | S, (0) (136)
S (1) 0 0 1 S, (0)

13



3.5.2 ii

suppose ¥, (0) = (é) Then

- ) u}ot ~ th 1
Uy (t) = | cos - 1B - &sin 7) <0> (137)
where wo = 228 — 9, /B2 4 B2,
cos ot — B2 gin £t
v, (= 2 PR (138)
z\/m sin =g
Therefore
— o2 w0l Bl .y wol
P, (t) = cos ~ + =5—""%5 FZ+ B2 sin” = (139)
1 B? 1 [ B2
PJr (t) <1 =+ B2 T 32) + 5 <m) COSWOt (140)

2
The Probability oscillates with frequency wo and amplitude 4 = 5 B;i B We

now check the limits of this solution to see if it makes sense

P.(t=0)=1 (141)
B,=0= P =1 (142)
1

B,=0= P, = 3 (1 4 coswot) (143)

This problem is trivial in the B-basis. Recall
pB_  cos3 (144)

7 e sin%

<0

B o S 5
vo = (—e“i’ cos g) (145)

There is not a By-component so ¢ = 0. In this basis the time dependence is
trivial

U, () = alP (0)e 5" + BUB (0)e 2" (146)

with o = cos g and [ = sin g. One can write the above in terms of the magnetic
field components with the help of the following trig identities,

1
cos? = = =3 (cosf + 1) (147)
9 6 1
cos 5 sin 3=3 sin ¢ (148)
(149)

14



and by using

B
cosf) = ———— (150)
v B?% + B?
B
sinf) = —— (151)
v B?% + B?
cos2 Qe—zwot/Q 4 sin2 Qezwot/Q
v, (t) = 2 2 152
+ ( ) (COS g sing (e—zwot/2 _ ezwot/2) ( 5 )
1 9 _ s wot wot/2
_ 2(0050—&—1)( 2@).s1n = +e (153)
—1sin 0 sin wot/2
cos ot — y—B= _ gjp wot
2 /Bz_;’_Bg 2
Uy (t) = Ly Bi i et (154)
B2+B2 2
3.6 f
The Maximum eigen value of S2,, = h?S;ot (Stor + 1).
1 1 1
Where Stot=§+§+---+§ = % In ket form
| S ——

N
N N 11\ |11 11
?3>—}§5>’55>'“}55> (155)
which is symmetric. The lowering operator

Siot = Stat =15t (156)
=(Sy +S5 +855 +---+Sy) (157)

is also symmetric, which means that

Sa)"[35) = |33 ) (158)
must also be symmetric.
3.7 g
Ha= 5 [ o =3 () (7 - )] (159)

we choose Z to be in the same direction as 7.

(9uh)’
h2a3

Hy=— [5‘1 G - 351Z32z} (160)

15



= 2\ 2 R,
(51 +52) =52+ 82425, - §2 (161)

S$2 = h2S (S +1) = h28, (S1 4+ 1) + h2Sy (S2 + 1) + 25,5, (162)
(S1s + S2.)° = 52, + 52, + 251,55, = 52 (163)
SO
(gﬂg)Q 1 1 1 3 2 2 2
Hy=—=3 5S(S+1) — 55 (S1+1)— 55 (Sy+1)— 5 (8% — 52, —52)
(164)
P 2
_ (QHB) . § . 2 l
Hy= >3 [S (S+1) 53 (SZ 5 (165)
Hy|S,S.;51,52) Es s, |S,S%; 51, 52) (166)
S =0:1 M(P)2
’ = Fgg. =258 (S(S+1)—52 167
Sz:O;O,il{ o s BE+) =) (167)

Energy levels are

Eoo =0 (168)
1,2
By =-+2 (169)
(P)2
2
Bi i = “aBS (170)

4 Problem 4: 3D charge particle in constant B-
field

4.1 a
7 2
H= (ﬁ— q—) /2m (171)
c
_ By
T R Ba
A—§er—(7) (172)
0
we use the the radiation gauge V- A= 0, in which case p'- A= ffﬁ
2 22
p 4 /5 L 4B 5
=——-—(B . 173
2m 2mc(;x\f)_g—i_Smc2 (2% +47) (173)
Fxp-B
LT q ¢’B’ »2
=-rere 1 pr. 2y — 174
2m 2me * 8mc2 PP T 9, (174)

16



2m 8mc2 PP 9me 2m

2 2 2 21.2
Hlk) = <pperp + q°B 2 qB L.+ h kz) k) = E |k.) (175)

This is an effective 2D H.O. with an extra —Q‘I—nﬁ:Lz term.

Hsp |E2D) = Ezp |E2p) (176)
h2k?
E 2 =F 177
2D + o (177)
Prerp | T4
H?D = % + 5 Tperp - QLZ (178)
with
qB
= 179
wo 2me (179)
qB
Q=— 180
2mc (180)
4.2 b
This has energy spectrum
Epnm = hwo(n+1) (181)

note that when 4wy = Q = %wB that the Landau levels are spaced hwp apart.

This agrees with our result done in Cartesian coordinates.

4.3 c
Compare —Q‘I—niLz and diamagnetic gjn—Bczrf)erp for an e~ in an atom.
2B2
— gmc2 <T127€T;D> — qBa’g (182)
2q7fc <LZ> dhe
become comparable for R ~ 1.
I
B, = — (183)
eag
B e? B ~ Bx (0.5* 10’86771)2 (184)
T 4dhcefal T 4% 13T % 4.8 % 10~ Vesu
B
R — o —— 185
9 % 109Guass (185)
B, ~ 9 x 10°Gauss (186)

under typical conditions B < B,, which means diamagnetic term is negligible
in atomic physics.
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